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An adaptive orthogonal collocation on finite elements method with adaptively varied
upper bound of the relevant size interval is developed for numerical solution of popu-
lation balance equation of crystallizers. Nucleation producing monosized and hetero-
sized nuclei, size-dependent crystal growth, seeding, classified product removal and
fines removal with dissolution are included into the model. Adaptation of the number
and length, as well as the distribution of finite elements over the variable length com-
putational interval is carried out forming a number of adaptation rules, based on
ordering the finite elements of size coordinate according to the maxima of first deriva-
tives of the population density function. The approximation is obtained using the
Lagrange interpolation polynomials. The method is used for solving the mixed set of
nonlinear ordinary and partial differential equations, forming a detailed dynamical
model of continuous crystallizers with product classification and/or fines removal. The
program can be used efficiently for simulation of stationary and dynamic processes of
crystallization systems, computing either transients or long-time oscillating steady
states generated by different nonlinear phenomena, and internal and external feedbacks.
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Introduction

The population balance model is an adequate mathematical
description of crystallization processes. This model consists
of a mixed set of ordinary and partial integrodifferential
equations even in the simplest case of MSMPR (mixed sus-
pension, mixed product removal) crystallizers, and the crucial
point of using this modeling approach is the numerical solu-
tion of the population balance equation.

A number of numerical methods have been proposed for
solving this equation, focusing on different modeling aspects

of disperse systems, among which the weighted residual
methods have received considerable attention. Subramanian
and Ramkrishna,1 considering microbial populations, were
the first to use the method of weighted residuals for popula-
tion balance equation, showing that the Laguerre functions
were suitable trail functions on semi-infinite interval [0, 1).
Singh and Ramkrishna2 proposed problem-specific polyno-
mials to obtain solutions to dynamic population balance
problems. Lakatos et al.3 applied the generalized Laguerre
functions for simulation of batch crystallization processes,
solving the population balance equation by means of orthog-
onal collocation, and making possible of modifying the dis-
tribution of collocation points along the size coordinate by
varying the scale factor. Witkowski and Rawlings,4 investi-
gating identification and control issues of solution crystalli-
zers, applied the Laguerre polynomials for computing the
crystal-size distribution.
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Transforming the semi-infinite interval into a scaled finite
one, orthogonal collocation on finite elements was applied by
Gelbard and Seinfeld5 to compute the transient processes of
coagulation. Hwang and Shih6 applied block pulse functions,
while Chang and Wang7 used the shifted Legendre functions
for computing crystallization considering also the binary
equal breakage. Eyre et al.8 developed a spline-collocation
method with adaptive mesh grading to compute coalescence
and agglomeration processes, while Steemson and White9

applied piecewise cubic splines for computing the steady
state crystal-size distribution of continuous MSMPR crystalli-
zers. Varga and Lakatos10 proposed an orthogonal collocation
on finite elements scheme to simulate batch grinding proc-
esses, transforming the integral with variable lower limit into
definite integral with constant limits on both sides, while
Canu11 solved that problem approximating the population
density function by a weighted sum of beta-distributions.
Nicmanis and Hounslow12 used finite elements of lengths
generated according to geometrical progression applying
Galerkin and collocation methods for computing steady states
of continuous MSMPR crystallizers. Marchisio et al.13 have
showed the applicability of the quadrature method of
moments, first proposed by McGraw14 for simulating precipi-
tation processes. A generalization and detailed investigation
of the quadrature method of moments and its relationships
with the method of weighted residuals have been presented
recently by Grosch et al.15 and Dorao and Jacobsen.16 Alexo-
poulos et al.17 developed an orthogonal collocation on finite
elements method, and compared that with the discretization
technique for solution of the dynamic population balance
equation population balance equation.

The discretization techniques for numerical solution of the
population balance equation have applied considerable atten-
tion also in studying crystallization systems. Hounslow
et al.18 developed a discretized version of the population bal-
ance equation involving nucleation, growth and aggregation
of crystals. David et al.19 applied the method of classes for
tracking the evolution of the crystal-size distribution in batch
crystallization and precipitation systems. Hill and Ng20,21

proposed discretization procedures for solving the agglomera-
tion and breakage equations, respectively. A combination of
the Lax-Wendroff and Crank-Nicholson methods was pro-
posed by Bennett and Rohani22 having observed that these
methods by themselves have not proved satisfactory. Kosto-
glou and Karabelas23,24 carried out comparative studies of
low-order methods in computing growth and breakage pro-
cesses, and presented an analytical treatment of breakage-
diffusion population balance.25 Efficient improvements of
discretization methods were achieved by Kumar and Ram-
krishna26,27 developing the fixed and moving pivot techniques.
Ramkrishna28 presented a review of the solution methods in
the framework of a comprehensive treatment of the popula-
tion balance models, and Mantzaris et al.29,30,31 carried out a
detailed study of discretization, spectral and finite element
methods both in one- and multidimensional cases. The cell
average technique developed by Kumar et al.32 and extended
by Kostoglou,33 for the solution of coagulation equation has
proved to be an improved successful variant of discretization
methods.

The relevant interval of crystal-size distribution usually
covers some orders of magnitudes, so that to produce suffi-

cient accuracy of the numerical solution of population balance
equation, a large number of finite or discretization elements
are required. This number, and, consequently, the orders of
the resulted systems of differential or algebraic-differential
equations, can be reduced significantly by applying adaptive
techniques tracking the evolution of crystal-size distribution
during the course of the process. Lee et al.34 used the method
of characteristics combined with adaptive mesh generation
studying seeded batch crystallization with agglomeration and
breakage. The problem of handling moving sharp fronts, aris-
ing in the size distribution of crystals due to crystal growth
and agglomeration processes, was addressed by Liu and
Cameron35 presenting a wavelet-based collocation method for
nucleation, growth and agglomeration. The possibility of
accurate front tracking was studied also by Lim et al.36 com-
paring a modified method of characteristics, and a finite differ-
ence with weighted, nonoscillatory method, taking into con-
sideration nucleation, growth, agglomeration, and breakage in
batch crystallization. Mahoney and Ramkrishna37 developed
two refined Galerkin methods for efficient solution of popula-
tion balance equations, with discontinuities caused by initial
conditions and nucleation of crystals in precipitation.

Tracking steep moving fronts arising in crystal-size distri-
bution provide especially important and complex modeling
and computational problems when investigating dynamic
phenomena in continuous crystallizers. Such oscillations are
often induced by the kinetic nonlinearities and their interac-
tions with the size distribution of crystals,38,39,40,41,42,43,68 or
due to the complex configuration of crystallizing systems
involving classified product removal and/or fines destruction
with the purpose of improving the quality of the crystalline
product.38,44,45 What is more, when step-like or impulse
changes occur in the inputs of continuously operated crystal-
lizers than sharp fronts or large impulses, influenced signifi-
cantly by the dynamics of the crystallizer system itself, may
move along the size coordinate while the real global size
interval covers some orders of magnitudes. Besides, in the
initial periods of startup of continuous crystallizers the rele-
vant size interval of population density function is very
small, and usually increases many orders of magnitudes dur-
ing the course of the process before achieving a stationary or
oscillating steady state. Therefore, when computing processes
of crystallizers under such conditions, apart from tracking
steep moving fronts, varying also the global size interval
adaptively according to the computational requirements
seems to be of great importance.

Although a lot of different aspects of dynamics of crystal-
lizers have been considered, the problem of simulation of
dynamic processes has not been addressed in its general
form so far. Numerical methods for the model solution were
reviewed by Rawlings et al.46,47 showing that collocation and
Galerkin’s method on finite elements have proved useful
tools for design and simulation of control systems of crystal-
lizers. Kind and Nieken,48 using a reduced model, investi-
gated the influence of fines removal on oscillations applying
the method of characteristics. Motz et al.49 developing a
detailed model of the evaporative MSMPR crystallizers,
made a comparison of two methods: a finite volume scheme,
and the space-time conservation element and solution ele-
ment method. Puel et al.50 applied a resolution algorithm,
based on the method of classes for solving the bidimensional
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population balance equation considering ideal MSMPR crys-
tallizers. Also, the moving finite element method with time-
variant adaptation51,52 was applied by Ulbert and Lakatos53

for solving the population balance equation under dynamic
conditions. This method has proved satisfactory for that pur-
pose, but since it was not possible to find relations between
the parameters of the movement regularizing functions, and
the problem to be solved, the adequate set of parameters
might be obtained only by numerical experimentation. A
comparison of fixed and moving grid numerical methods for
dynamic evolution of the particle-size distribution was car-
ried out by Roussos et al.54 Wulkov et al.,55 presented a
self-adaptive solution using the Galerkin h-p method with
adaptive variation of the computational size interval. A con-
tinuous evaporative MSMPR crystallizer served as a model
for demonstrating the efficiency of the method in which
nucleation, growth and agglomeration of crystals were
included into the model. A self-adaptive finite element collo-
cation solution was presented by Ulbert and Lakatos56 for
continuous crystallizers included into the model growth-rate
dispersion, and a simple classification term. A generalized
version of this solution method has proved very efficient also
in studying the complex dynamic phenomena of continuous
crystallizers.57,58

The article addresses a self-adaptive orthogonal collocation
on finite elements, with adaptively varied upper bound of the
relevant size interval for effective numerical solution of the
population balance equation of continuous crystallizers with
seeding, as well as classified product removal and fines dis-
solution modeled in detail as reflective recycle streams
around an MSMPR crystallizer. Nucleation of monosized and
heterosized nuclei and size-dependent crystal growth are
included into the model. The approximation is obtained by
means of the Lagrange interpolation polynomials with gradi-
ent-directed adaptation rule used in distributing the finite ele-
ments of varied number and length on the approximation
interval, the global length of which is also varied adaptively
depending on the predicted largest crystal size. The interior
support abscissas are spaced according to the orthogonal col-
location technique. The algorithm developed for solving the
resulted set of algebraic-differential equations with fully ad-
aptation is implemented in a computer program written in
FORTRAN using the DAE-solver DASSL.59

Mathematical model

Consider a continuous isothermal crystallization system
with product classification and fines removal that is repre-
sented by a network of elementary modules, treated as a
combined processing system, shown in Figure 1. Let us
assume that: (1) The volume of the crystal suspension in the
crystallizer is constant and well mixed; (2) The crystal growth
rate may be size-dependent; (3) The secondary nuclei may be
monosized or heterosized, characterized by some size distribu-
tion; (4) the new monosized crystals, produced by primary
and secondary nucleation formed at nominal size Ln % 0, so
that we take Ln 5 0; (5) Crystal breakage and agglomeration
of crystals are negligible; (6) Product classification and fines
removal are described by general selection functions sR(.) and
sF(.), respectively. Then, the mathematical model of the crys-
tallization system consists of the following equations.

The variation of the population density function n(.,.) is
described by the population balance equation

@nðL; tÞ
@t

þ @½Gðc; cs; LÞnðL; tÞ�
@L

¼ qin
V

½ninðL; tÞ � hðLÞnðL; tÞ�
þ edBdðL; c; cs; nÞ L 2 ð0;1Þ; t > 0 ð1Þ

subject to the following initial and boundary conditions

nðL; 0Þ ¼ n0ðLÞ; L � 0 (2)

lim
L!0

Gðc; cs; LÞnðL; tÞ ¼ Bpðc; cs; eÞ þ ebBbðc; cs; eÞ; t � 0 ð3Þ

lim
L!1

nðL; tÞ ¼ 0; t � 0 (3b)

where the secondary nucleation rates Bd and Bb, selected by
constraint ed 1 eb 5 1 of binary variables ed, eb [ {0, 1},
are used alternatively in simulation. The primary nucleation
rate Bp remains continually in simulation since it plays sig-
nificant role in startup processes from clear solutions, but its
influence usually is negligible in steady states.

The rates of primary and secondary nucleation Bm, m 5
p,b,d are given by the relationships

Bpðc; cs; eÞ ¼ ekp exp � ke

ln2 c
cs

� �
0@ 1A (4)

BdðL; c; cs; nÞ ¼ �SðL; c; csÞnðL; tÞ

þ
Z1
L

bðL; l; cÞSðl; c; csÞnðl; tÞdl ð5Þ

and

Bbðc; cs; eÞ ¼ kbðc� csÞblj3 (6)

respectively, where e is the void fraction of the solution

eðtÞ ¼ 1� kv

Z1
0

L3nðL; tÞdL ¼ 1� kvl3ðtÞ (7)

and l3 is the third-order moment of crystal size.

Figure 1. Crystallizer with fines removal and product
classification represented as a network of
elementary modules.
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The nucleation rates Eqs. 4 and 6 describe monosized
nuclei, while the rate expression (Eq. 5) represents a source
term of heterosized nuclei produced by contact nucleation
due to collisions of crystals with different parts of crystal-
lizer. In Eq. 5, function S(l,c,cs) provides the total number of
nuclei produced by crystals of size l in unit time, and
depends on the collision frequency and collision energy of
crystals of different sizes, while b(L,l) expresses the ratio of
these nuclei falling into the size interval (L,L1dL). Expres-
sion of such form was proposed by Ottens and de Jong60 and
Botsaris,61 while the initial size distribution of secondary
nuclei was measured by Garside et al.62 Garside et al.62 con-
firmed that collision crystallites were produced directly at
sizes of up to at least 30 lm, and the number and size distri-
bution of nuclei depended on the solution supersaturation.
Similarly, heterosized nuclei were taken into consideration
by Motz et al.49 based on the model proposed by Gahn and
Mersmann.63

The overall linear growth rate of crystals G is expressed as

Gðc; cs; LÞ ¼ dL

dt
¼ G0ðc; csÞ/ðLÞ ¼ kgðc� csÞg/ðLÞ (8)

where function / describes the size-dependence of the growth
rate.

In Eq. 1, because of the configuration shown in Figure 1,
and of the product and fines classification expressions

nRðL; tÞ ¼ sRðLÞnðL; tÞ q

qR
(9)

and

nFðL; tÞ ¼ sFðLÞnðL; tÞ qFR
qF

(10)

the overall classification function is expressed as

hðLÞ ¼ 1þ qR
qin

� �
½1� sRðLÞ� þ qFR

qin
sFðLÞ (11)

Expression 11 is derived in Appendix 1.
The mass balance of solute, as it is also derived in Appen-

dix 1, takes the form

dc

dt
¼ qin

eV
½eincin � eoutc� þ qð1� eFÞ qFeV � 1

e
Rc � c

e
de
dt

(12)

where

Rc ¼ qG0ðc; csÞr; r ¼ 3kv

Z1
0

/ðLÞL2nðL; tÞdL: (13)

Since the void fraction is governed by the equation

� de
dt

¼ G0ðc; csÞr

þ 1

V
½qinðe� einÞ þ qRðe� eRÞ � qFð1� eFÞ� ð14Þ

combining Eqs. 12 and 14, we obtain the final form for the
equation governing the concentration of solute

dc

dt
¼ einqin

eV
ðcin � cÞ � 1

e
ðq� cÞG0ðc; csÞr

þ qF
eV

ðq� cÞð1� eFÞ ð15Þ

subject to the initial condition

cð0Þ ¼ c0: (16)

Similarly, the mass balance equation for the solvent can
be written in the form

dcsv
dt

¼ einqin
eV

ðcsvin � csvÞ þ csvG0r
e

� csvqF
eV

ð1� eFÞ (17)

subject to the initial condition

csvð0Þ ¼ csv0: (18)

Therefore, the state of the crystallizer at time t � 0 is
given by the triple [c(t), csv(t), n(.,t)], and its dynamics is
described by the distributed parameter model formed by the
mixed set of partial integrodifferential and ordinary differen-
tial equations (Eqs. 1, 15 and 17), subject to the initial and
boundary conditions (Eqs. 2, 3, 16 and 18). The time evolu-
tion of this system occurs in the state space R2 3 N that is the
Descartes product of the vector space R2 of concentrations,
and the function space N of the population density functions.
Therefore, consideration of dynamic processes of the crystal-
lizer in this product space requires a finite dimensional
approximation of the population density function. In this
case, we make it by developing an adaptive orthogonal collo-
cation on finite elements method.

Scaling of the equations

A reasonable scaling is very important for the performance
of numerical integration, since scaling influences the condi-
tioning and stiffness of the resulted set of ordinary differen-
tial equations. The collocation solution of the partial differen-
tial equation, and when it is possible to derive, the moment
equation model often lead to stiff systems of ordinary differ-
ential equations, so that it is reasonable to scale the model
equations before the numerical solution.40,64

We define scale factors, together with the nucleation and
growth rates, for all variables in connection with rewriting the
governing equations in dimensionless form. Namely, we intro-
duce the scaled, dimensionless variables and parameters as

f ¼ snn; fin ¼ snnin; xm ¼ smlm; m ¼ 0; 1; 2; :::

y ¼ scðc� csÞ; yin ¼ scðcin � csÞ; ysv ¼ sccsv;

ysvin ¼ sccsvin; fc ¼ scðqc � csÞ; n ¼ stt; 1 ¼ sLL;

c ¼ sccs; Bp ¼ Bp=B0;s; Bb ¼ Bb=B0;s; G0 ¼ G0=G0;s

by means of the scale factors sn, sc, sL, st, B0,s G0,s and s0, s1,
s2 and s3, selected appropriately for the population density
function, concentrations, crystal size, time, nucleation rate,
crystal growth rate and moments of crystal size, l0, l1, l2
and l3.
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Choosing the scale factors

sn ¼ G0;s

B0;s
; sc ¼ 1

maxfcing � cs
; sL ¼ st

G0;s
; st ¼ 1

�t
;

s0 ¼ 6kvk
3
gs

�3g
c s�3

t ; s1 ¼ 6kvk
2
gs

�2g
c s�2

t ;

s2 ¼ 3kvkgs
�g
c s�1

t ; s3 ¼ kv

where, �t ¼ V=qin the final model takes the following dimen-
sionless form.

Population balance equation

@f ð1;nÞ
@n

þG0ðyÞ@½/ð1Þf ð1;nÞ�
@1

¼ finð1;nÞ� hð1Þf ð1;nÞ

� edrð1;yÞf ð1;nÞþ ed

Z1
1

bð1; i;yÞrði;yÞf ði;nÞdi; 1> 0;n> 0

(19)

lim
1!0þ

G0/ð1Þf ð1; nÞ ¼ BPðy; eÞ þ ebBbðy; eÞ; n � 0 (20)

lim
1!1 f ð1; nÞ ¼ 0; n � 0 (21)

where

rð1; yÞ ¼ sð1; yÞ
st

; bð1; i; yÞ ¼ snbð1; i; yÞ
sL

Mass balance equation for the solute

dy

dn
¼ ein

e
ðyin � yÞ � p1

e
ðfc � yÞyg

Z1
0

/ð1Þ12f ð1; nÞd1

þ p2
e
qFR
qin

ðfc � yÞ
Z1
0

sFð1Þ13f ð1; nÞd1 ð22Þ

where the notations p1 ¼ 3kvkg
sts

g
c sns

3
L

and p2 ¼ kv
sns4L

were introduced.

Mass balance equation for the solvent

dysv
dn

¼ ein
e
ðysvin � ysvÞ þ p1

e
ysvy

g

Z1
0

/ð1Þ12f ð1; nÞd1

� p2
e
qFR
qin

ysv

Z1
0

sFð1Þ13f ð1; nÞd1 ð23Þ

where

eðnÞ ¼ 1� p2

Z1
0

13f ð1; nÞd1: (24)

Initial conditions

f ð1; 0Þ ¼ f0ð1Þ; yð0Þ ¼ y0; ysvð0Þ ¼ ysv0 (25)

Kinetic equations

BpðyÞ ¼ ekp
B0;s

exp � ke

ln2
yþ c
c

� �
0BB@

1CCA; Bb yð Þ ¼ kb
sbcs

j
3B0;s

ybxj3

(26)

and

G0ðyÞ ¼ kg
sgcG0;s

yg (27)

The model Eqs. 19–27 involves, as special cases, the mod-
els of

1. MSMPR (mixed suspension, mixed product removal)
crystallizers with size-dependent crystal growth, and produc-
tion of monosized and/or heterosized nuclei, when qR 5 0,
sR(L) 5 0 and qFR 5 0,

2. MSCPR (mixed suspension, classified product removal)
crystallizers when qFR 5 0.

3. MSMPR_FR (mixed suspension, mixed product re-
moval with fines removal) crystallizers when qR 5 0.

Collocation equations on finite elements

In order to find a finite dimensional approximation of Eq.
19, the orthogonal collocation on finite elements method is
applied as follows.

Let us assume that the maximal size of crystals, being, in
principle, the upper bound of the relevant crystal-size distri-
bution at time n[ 0, is 1max(n), and let the interval [0, 1max]
be divided into N subintervals by N 1 1 separation nodes,
shown in Figure 2, as

0 ¼ 10 < 11 < 12 < . . . < 1n < . . . < 1N�1 < 1N ¼ 1max:

(28)

In the nth subinterval [1n, 1n11], n 5 0, . . . ,N–1, termed nth
finite element, we define the local normalized size variable

tn ¼ 1� 1n
1nþ1 � 1n ; 1n � 1 � 1nþ1; n ¼ 0; 1; . . . ;N�1 (29)

and the local function f n tn, nð Þ, approximating the population
density function f(1, n) in this interval, as a linear combination
of the Lagrange polynomials Ln

i of degree I5 1, . . . , In

f n tn; nð Þ ¼ Pi¼In

i¼1

f
n

i nð ÞKn
i tnð Þ; n ¼ 0; 1; . . . ;N � 1 (30)

Figure 2. Finite elements on the interval [0, frmax], and
the local nodes of the i th element.
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where

Kn
i tnð Þ ¼ Qj¼In

j¼1
j 6¼i

tn� tnj
tni � tnj

; Kn
i tnj

� �
¼ di;j;

f nj nð Þ ¼ f n tnj ;n
� �

; j¼ 1; :::; In: ð31Þ

and tnj , j¼ 1, . . . , In denote the support abscissas such that if
tn1 ¼ 0, then 1 5 1n, and if tnIn ¼ 1, then 1¼ 1nþ1, as it is
shown in Figure 2.

The interior support abscissas, being also the interior col-
location points of the finite elements, are chosen as the roots
of the shifted Legendre polynomials of degree (In 2 2). At
the internal element boundaries, the continuity of the func-
tion is imposed, at 1 5 0 the boundary condition (Eq. 20) is
used, while at 1 5 1max the boundary collocation is applied.
As a result, the boundary value problem (Eqs. 19–21) with
the first initial condition (Eq. 25) is approximated by the fol-
lowing system of algebraic-differential equations

df nj nð Þ
dn

þ G0 yð Þ
D1n

/
tnj D1n þ 1n

sL

� �
anj f

n nð Þ

þ G0 yð Þ
D1n

@/
tnj D1nþ1n

sL

� �
@tn

f nj nð Þ

¼ f nin;j nð Þ � h
tnj D1n þ 1n

sL

� �
f nj nð Þ � edr tnj D1n þ 1n; y

� �
f nj nð Þ

þ ed 1� tnj D1n þ 1n
1max

� � Xm¼N�1

m¼0

Dkm
Xi¼Im

i¼1

"Xk¼Kn

k¼1

wkvðtnj D1n þ 1n;

tmk Dkm þ km; yÞKm
i

�
1max� 1� tnj D1n þ 1n

1max

� �
tmk

�#
f mi nð Þ

n ¼ 0; 1; :::;N � 1; j ¼ 2; :::; In ð32Þ

f nj 0ð Þ ¼ f0 tnj D1n þ 1n
� �

; n ¼ 0; 1; :::;N � 1; j ¼ 1; :::; In

(33)

G0 yð Þ/ 0ð Þf 01 nð Þ ¼ Bp y; eð Þ þ ebBb y; eð Þ; n � 0; 1 ¼ 10
(34)

f nIn nð Þ ¼ f nþ1
1 nð Þ; n � 0; n ¼ 0; 1; :::N � 2 (35)

where

ed þ eb ¼ 1; ed; eb 2 0; 1f g; v :ð Þ ¼ b :ð Þr :ð Þ;
D1n ¼ 1nþ1 � 1n; f n ¼ f n1 ; f

n
2 ; :::; f

n
In

� �T ð36Þ

and the elements of vector anj ¼ anj;1; a
n
j;2; :::; a

n
j;In

� �
are

anj;i ¼
dKn

i tnð Þ
dtn

����
tnj

: (37)

The scaled ordinary moments of crystal size, required in
computations of mass balances of solute and solvent, are
computed as

lm nð Þ ¼ Pn¼N�1

n¼0

D1n
Pi¼In

i¼1

Pk¼Kn

k¼1

wkðtnkD1n þ 1nÞmKn
i tnk
� �

f ni

� 	
;

m ¼ 2; 3: ð38Þ

The details of development of collocation Eqs. 32–38 are
presented in Appendix 2.

Equations 32–36, together with the differential Eqs. 22
and 23 for mass balances of solute and solvent, form a sys-
tem of algebraic-differential equations which describes the
behavior of crystallization system shown in Figure 1, and
can be solved by a proper integrator. However, in dynamic
conditions, the particle-size distribution may exhibit sharp
profiles and steep moving fronts in certain regions of the par-
ticle sizes, which often manifest as limit cycle oscillations
and standing waves in steady states. Therefore, in order to
minimize the number of finite elements and collocation
points needed to achieve the sufficient accuracy, it is reason-
able to move and place the grid points into those regions in
the course of the solution where they are most efficient in
approximating the exact population density function. The first
step in this process is to derive appropriately the global inter-
val of computation, and, subsequently, to distribute the finite
elements along this interval adaptively.

Principles of Adaptation

Derivation of the global interval of computation

Under dynamic conditions, the maximal crystal size, i.e. the
efficient support of the population density function, may
change through some orders of magnitude so that the first step
of the adaptation procedure is to determine the global compu-
tation interval flexibly, over which the finite elements of vari-
able lengths are distributed. Observing the changes of the
maximal crystal size in the system does this. Namely, know-
ing the maximal crystal size in the moment n we can compute
its approximating value after the next time step Dn as

1m nþ Dnð Þ ffi 1m nð Þ þ G0 nð Þ/ 1m nð Þ½ �Dn: (39)

Then, referring to Eq. 4, we define the Adaptation rule 1. Let
r1 � 1 be a real number, and 1N(0) 5 1N0 the initial value of
the upper bound of the computation interval. Then

If 1m nþ Dnð Þ > 1N nð Þ; then 1N nþ Dnð Þ ¼ r11m nþ Dnð Þ;
otherwise 1N is unchanged ð40Þ

The real number r1 is, in principle, an adjustable parameter
of the adaptation. The initial value of the upper bound 1N0 is
zero, when the crystallizer is unseeded. When, however,
there is a population of seed crystals in the crystallizer at the
initial moment of the process then the initial maximal size is
estimated by means of Markov’s inequality.

Distribution of the finite elements on the
computation interval

As the upper bound of the computation interval 1N has been
fixed, the number and distribution of the finite elements along
the actual computation interval are updated by examining the
newly obtained population density function. The procedure
developed is based on dividing the curve of the population
density function into arcs of equal lengths and classification of
these arc lengths with respect to the maxima of the first deriv-
atives, as it is described by the Adaptation rule 2. Let ND, NI
and Ik[ INI, k 5 1, . . . ,NI–1, INI 5 1 be positive integer num-
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bers, and DHmin [ 0 be a small real number. Then the finite
elements for a given 1N is distributed according to the follow-
ing steps.

Step 1. Transformation of population density function in order
to equalize the range of crystal size and population density

ef 1; nð Þ ¼ f 1; nð Þ1N
max12½0:1N �ff 1; nð Þg (41)

This transformation allows standardizing the next steps of
adaptation carrying out those on a square instead of rectan-
gles having different side ratios.

Step 2. Computation of the length of the curve H(n) of
population density function by quadrature

H nð Þ ¼
Z1max

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ @ef 1; nð Þ

@1

" #2vuut d1

ffi
Xn¼N�1

n¼0

D1nk
Xk¼Kn

k¼1

wj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

Xi¼In

i¼1

K̇
n

i tnk
� �ef ni ðnÞ

 !2
vuut264

375 ð42Þ

Step 3. Dividing H(n) into ND arcs of equal length

HjjHj ¼ Hk; j; k ¼ 1; :::;ND; HðnÞ ¼ SND
j¼1

Hj

( )
(43)

as it is illustrated in Figure 3a.
Dividing H(n) into ND arcs of equal length and projecting

the nodes separating them into the size coordinate provides by
itself an efficient distribution of finite elements, distributing
more finite elements at the steepest regions of the population
density function. The efficiency of this method, however, can
be increased by modification of these arcs according to the fol-
lowing steps.

Step 4. Derivation of the maximum of the first derivatives
on each arc identified, and converting that into the more con-
venient tangent angle as a measure of steepness

wj ¼ arctg abs max12Hj

@ef 1; nð Þ
@1

( )( )
; j ¼ 1; :::;ND (44)

which tangent angles vary between 0 � minjfwjg
< maxjfwjg � p=2.

This step, i.e. introducing the tangent angle as a convenient
tool of treating the problem was applied by Yu and Wang65

for simulation of ion exchange and adsorption in fixed beds.
Step 5. Division of the interval minj{wj} \ maxj{wj} into

NI equal subintervals, as it is shown in Figure 3b

0 � minjfwjg ¼ h0 < h1 < ::: < hNI�1 < hNI

¼ maxjfwjg � p=2: ð45Þ
and modification of the arcs obtained in Step 3 according to
the rule

If wj 2 hk�1; hk½ � and wl 2 hk�1; hk½ �; and Hj and Hl are

neighbours; then Hj and Hl are merged; j; l ¼ 1; :::;ND

(46)

what results in NE new arcs of different lengths, denoted by

ĤmjHðnÞ ¼
[NE
m¼1

Ĥm

( )
; m ¼ 1; :::;NE: (47)

In the special case of NI 5 1 the value of NE equals to 1
and Ĥ1 ¼ HðnÞ.

The results of this step is illustrated in Figure 4a and b. In
these examples the value of ND was set to 500. The maxi-
mum of the first derivatives on each arc of transformed crys-
tal-size distribution was determined, and the value of minj
{wj} \ maxj{wj} and, j 5 1, . . . , 500, was founded as 0 and
81.63. When NI is selected as 2, Step 5 is resulted in four
new merged arcs obtaining NE 5 4 as it is shown in Figure
4a. In the case of NI 5 1 all the arcs are merged as it seen
in Figure 4b.

Step 6. After Step 5 we have the transformed crystal-size
distribution divided into NE merged arcs. Each arc
Ĥm;m ¼ 1, . . . ,NE, characterized by an interval of steepness
given by Eq. 45, is divided into equal sub-arcs, by using its
characteristic arc length through a minimum arc length
DHmin, chosen arbitrarily, given as

Figure 3. (a) Division of the curve of population density
function into equal arc lengths, and (b) divi-
sion of the interval of tangent angles.
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DHk ¼ IkDHmin (48)

and then projected the whole mesh of the curve of the popu-
lation density function generated in this way into the size
coordinate.

This procedure of finite element update effectively assigns
the smallest elements to the regions of steepest gradients,
and the largest elements to the regions of flat parts of the
population density function. Here, the total number of finite
elements may vary, but it seems to be reasonable to give an
upper bound for their number. Giving this maximal number
of elements, however, the minimal arc length DHmin of distri-
bution becomes also determined, fixing the number of the
tangent angle intervals NI and coefficients Ik, k 5 1, . . . ,NI.
Relating to the Figure 4a and b, the final result of this proce-
dure is illustrated in Figure 4c, when in NI is set to 2 (DHmin

5 0.0143, I1 5 2, I2 5 1), and in Figure 4d when NI equals
to 1 (DHmin 5 0.0194, I1 5 1).

Derivation of the moments of finite elements update

The frequency of update of the finite elements has to be
large enough to follow the motion of the sharp gradients. If the
update frequency is zero, then the elements will not be changed
at all during the computations. When, however, this frequency
is too large, then the computations require too much time. In

this procedure, the moments of distributing the finite elements
are determined also adaptively on the basis of the crystal
growth rate. For that purpose, we introduced the following.

Adaptation rule 3. Let r2 � 1 be a real number. Then a
new distribution of the finite elements is carried out, if

1. The upper bound of the computation interval 1N is
changed, according to the Adaptation rule 1, or/and if

2. The computation time n satisfies the condition

n� n0 þDnað Þ where Dna ¼ r2 min
n¼0;:::;N�1

1nþ1� 1n
G0 n0ð Þ/ 1nþ1 n0ð Þ½ �

� �
(49)

where n0 denotes the moment of the previous distribution of
the finite elements and Dna denotes the length of time inter-
val to the next finite element adaptation. Here, the real num-
ber r2 is the adjustable parameter of the rule.

Therefore, the adaptation of computations with respect to
the actual properties of the population density function is
based on the Adaptation rules 1–3. The algorithm, i.e., the
sequence of steps of checking the conditions of adaptation
and performing adaptation according to Adaptation rule 2,
carried out inside of a single time step of DAE-solver is
summarized in Figure 5.

The algorithm developed for solving the set of algebraic-
differential Eqs. 34–36 controlled by means of Adaptation

Figure 4. Procedure of division of the curve of the population density function according to the Step 5 and 6 of
Adaptation rule 2.
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rules 1–3 has been implemented in a computer program writ-
ten in FORTRAN in which the DAE-solver DASSL59 was
applied. The conditions for Adaptation rules 1–3 are checked
after each integration step during the solution of Eqs. 34–36,
and when a condition is satisfied the corresponding adapta-
tion step is performed.

Implementation and simulation conditions

The kinetic expressions of crystal growth G and nucleation
Bm, as well as the classification function h were included in
general forms, making possible of simulation of crystalliza-
tion processes under general operational conditions.

The adaptation rules involve a number of adjustablepara-
meters: r1, r2, ND, NI, DHmin and Ik, k 5 1, . . . ,NI by means
of which the adaptation process can be designed. By means of
parameters r1 and r2 the frequencies of the computation inter-
val and finite element updates can be fitted to the characteris-
tics of the problems and computational requirements. When r1
5 1 and r2 5 1 then the frequencies of updates are maximal
so that dense elements follow the sharp gradients. At the same
time, as ND or NI increases, the number of elements with dif-
ferent lengths also increases, so that the lengths of elements
can be better adjusted for a wide range of gradients of the
population density function. The division with large numbers
of possible elements, however, makes the computations more
complicated and time-consuming, thus, a reasonable compro-
mise is necessary in designing the conditions of computations,
providing an upper bound NS for the number of finite ele-
ments. Then, however, the parameters NS and NI determine
the minimal arc length DHmin used in the distribution. Indeed,
let nk, k 5 1, . . . ,NI denote the number of the primary finite
elements (Eq. 43), the tangent angles of which belong to the
interval [yk21,yk]. Obviously, ND ¼Pk¼NI

k¼1 nk. Now, the num-
ber NPk of elements with length DHk, defined by Eq. 48, is
given by the following expressions

NPNI ¼ NSPk¼NI

k¼1

nk
nNIIk

26664
37775 (50)

NPk ¼ nk
nNIIk

NPNI

� 	
; k ¼ 1; . . . ;NI � 1 (51)

where now [.] denotes the integer part of the referred quan-
tity, and the minimal arc length is

DHmin ¼ H

NPNI

Pk¼NI

k¼1

nk
nNI

: (52)

The choice of the values of adaptation parameters depends
on the kinetic and process parameters of crystallizers to be
simulated, but the evaluation of simulation results obtained
with a wide variety of process conditions has shown57 that
the tuning procedure is not too difficult. Furthermore, it has
appeared that the adaptation parameters tuned to the dynamic
process conditions gave large accuracy also for the approxi-
mation solutions of the stationary states compared to the ana-
lytical solutions of the population balance Eq. 19, when such
solutions are known.57

In order to show the general capabilities of the method,
however, simulation results for dynamic processes of isother-
mal crystallizers under comparable conditions are presented.
Namely, when the size dependence of the crystal growth rate
is linear, given in scaled form as

/ 1ð Þ ¼ 1þ a
sL
1; (53)

the fines removal is zero, i.e. qFR 5 0, and the classification
function is identical with zero, i.e., SR(1) : 0 and qR 5 0, then
the moment equation model of this MSMPR crystallizer
becomes closed, and can be used as a system for comparing
both the dynamic and stationary state solutions. When, how-
ever, the classification function of the MSCPR crystallizer is
chosen as defined by Bourne and Zabelka,66 then the stationary
solution can be given in analytical form under constant concen-
tration conditions against which the numerical solution can
also be compared. This classification function, which is applied
for selection function sF also, has the following scaled form

sv 1ð Þ ¼ 1þ a=s2L
� �

12

1þ b=s2Lð Þ12 ; a � 0; b � 0; v ¼ R;F: (54)

Since the main goal was to illustrate the capability of the
method of simulating dynamic processes, the dimensionless
parameters in Eqs. 19–23 were chosen in correspondence
with those used by Lakatos40 and Lakatos and Sapundz-
hiev,64 studying the bifurcation and dynamic phenomena of
crystallizers by means of the moment equation model. As a
consequence, the nucleation rate (Eq. 4) was applied in all
simulation runs presented here. The values of simulation
parameters of the base case used in computations are shown
in Tables 1 and 2. Therefore, in figures presenting simulation
results only the actual varied parameters will be shown ex-
plicitly, since the values of the remaining parameters are
taken from Tables 1 and 2.

The collocation and adaptation parameters used in the
computations are shown in Table 3. Since the crystallizer
was unseeded in all simulation runs, the initial values of the
approximation function were given as

Figure 5. The algorithm of checking the conditions of
adaptation and performing adaptation ac-
cording to Adaptation rule 2, carried out inside
of a single time step of DAE-solver.
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f ni 0ð Þ ¼ 0; i ¼ 1; :::; In; n ¼ 0; :::;N � 1 (55)

and the computations were initiated by 50 equal finite ele-
ments given as

1n ¼ nD10; n ¼ 0; :::; 50 (56)

where D10 denotes the initial length of the finite elements.
The initial condition of the supersaturation was always y(0)
5 0.5.

All simulation runs were carried out using a DELL per-
sonal computer developed with 1.8 GHz Intel P4 processor.

Simulation results

In the case of MSMPR crystallizers with linear size-
dependent crystal growth, the accuracy of the finite element
solution of dynamic processes can be checked by comparing
the first four leading moments of the scaled population den-
sity function, given as

xmðnÞ ¼
R1max

0

1mf 1; nð Þd1; m ¼ 0; 1; 2; 3 (57)

with those computed from the moment equation model hav-
ing the same dimensionless para-meters, solved in each case
by an ODE solver of MATLAB for stiff sets of equations.
These parameter values were selected since the bifurcation
analysis of the moment equation model predicted complex
dynamic behavior of crystallizers in this region of system pa-
rameters, and, among those, limit cycle oscillations.40,41

Figures 6 and 7 show comparisons of the time variations
of the moments x3, x4, x5, x6, and of the mean crystal sizes,
computed from the first-order and zero-order moments as
L ¼ x1s0=x0s1, respectively. It is seen well that these
moments computed by means of different methods have
proved to be equal with great accuracy along the whole tran-
sient process, and in the steady states as well. Note that nu-
merical solution of the population balance model predicted
all lower order moments of the crystal size accurately com-
pared with those provided by the moment equation model.
The trajectories of supersaturation are shown in Figure 8 for
the same parameters. Comparison of these values with those
of the third-order moment presented in Figure 6, indicated
that the mass balance in the numerical solution was satisfied
at every moment.

Three phases of development of the limit cycle oscillations
of crystal-size distribution in MSMPR crystallizer are shown
in Figure 9. A deep front and a large pulse of the population
density function evolve in the transient states of the start-up
process that are metamorphosed directly into stable steady-
state oscillations representing the long-time behavior of the
crystallization system. In the simulation shown in Figure 9
the processor time was equal to 623.26 s, and the finite ele-
ments were automatically redistributed by Adaptation rules
1–3, 1,408 times.

Two profiles of crystal-size distribution and locations of
the node points during a start-up process are presented in
Figure 10a and b at two moments of time, respectively, illus-

Table 1. Kinetic and Constitutive Parameters
Used in Simulation

kg 1.0 3 1025 (m/h).(m3/kg)2g qc 1760 kg/m3

g 1.0 kv 0.47
kp 8.384 3 109 no/(m3h) a 0.0
ke 7.864 3 1021

Table 2. Process Parameters and Scaling Factors
Used in Simulation

cin 211.5 kg/m3 t 2.5 h
csvin 888.5 kg/m3 ein 1.0
cs 130.0 kg/m3 yin 1.0
qin 4 m3/h ysvin 10.9
B0,s 1.0 3 1012 no/(m3h) G0,s 1.031024 (m/h) � (m3/kg)2g

Table 3. Collocation and Adaptation Parameters
Used in Simulation

I0, . . . ,N-1 7 ND 100
r1 1.05 NI 1
r2 0.5 D10 2.0 3 1025

NS 20 K0, . . . ,N-1 19

Figure 6. Comparison of the variations of the third-to
sixth-order moments computed from the
finite elements solution and the moment
equation model.

3098 DOI 10.1002/aic Published on behalf of the AIChE December 2007 Vol. 53, No. 12 AIChE Journal



trating the operational efficiency of distributing the node
points along the relevant size interval at different. The adap-
tation algorithm concentrates the finite elements and, as a
consequence, the collocation points in the regions of deep
gradients of the population density function of crystals. In
regions where the function is flat the algorithm made use
only of the maximum sized elements allowed. Evolution of
the relevant computational interval and of the positions of
node points as a function of time are presented in Figure 11.
It is interesting to note that this figure allows following the
motion of the crystal-size distribution qualitatively.

Figure 12 illustrates to some extent how the size depend-
ence of the crystal growth, described with a monotone
increasing function of size, affects the development of the
crystal-size distribution. The pulse arising in the population
density function becomes more flat under the influence of
such size dependency.

Figure 13 presents the stabilizing effect of the size-depend-
ent growth rate on the limit cycle oscillations as compared to
those shown in Figure 9c. These simulation results confirmed

the predictions obtained by means of the moment equations
model regarding the influence of the size dependency of
crystal growth on stability of crystallizers.40,68

Product classification and fines removal are important tools
of improving the quality of the crystalline product, but often
make the inherent inclination to instabilities of crystallizers
increase. However, under certain conditions it may also

Figure 7. Comparison of variations of the mean crystal
sizes computed from the finite elements so-
lution and the moment equation model.

Figure 8. Variation of supersaturation as a function of
time.

Figure 9. Development of the limit cycle oscillations of
the population density function through a
transient process.
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damp the oscillations arising due to the nonlinearities and
feedback interactions of the process.67 Such destabilizing and
stabilizing effects are presented in Figures 14–16, as com-
pared to the limit cycle oscillations of MSMPR crystallizer
shown in Figure 9c, using the nonideal classification function
(Eq. 54).

Figure 10. Profiles of the crystal-size distribution and
locations of the node points during a pro-
cess at two moments of time.

Figure 11. Positions of the computation interval and
the node points as a function of time during
the development of limit cycle oscillations.

Figure 12. Effect of the size dependency of the growth
rate on the development of crystal-size dis-
tribution in the interval n 5 [0, 1]: (a) a 5 0;
(b) a 5 800; (c) a 5 1,600.
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Figure 14a illustrates the destabilizing effect of product
classification on the long time behavior of crystallizer when

sRð1Þ ¼ 1
1þ0:02512 and qFR 5 0.0. Also, the time variation of

the third-order moment of crystal size is presented in Figure
14b, showing clearly that increasing the mean crystal size
byproduct classification is accompanied by an increase of the
amplitude and period of oscillations, and, naturally, by a
decrease of the mean production rate. In this simulation run
the processor time was equal to 760.53 s, and the finite ele-
ments were redistributed by Adaptation rules 1–3, 1,465 times.

In contrary, Figure 15 is an illustration of the stabilizing
influence of the fines removal and dissolution when applying

the classification function sFð1Þ ¼ 1
1þ0:02512 of the same form

as before, and taking qR 5 0.0. The time variation of the
third-order moment of crystal size is also presented in Figure
15b, showing clearly that increasing the mean crystal size
byproduct classification is accompanied by increase of the
amplitude and period of oscillations, and, naturally, by
decrease of the mean production rate.

Finally, the resultant effects of product classification and
fines destruction, applied simultaneously in the form as it

was shown in Figures 14 and 15, are presented in Figure 16.
Here, the fines recycled byproduct classification are removed
from the crystallizer and dissolved concurrently. In this case,
of the two recycle streams the destabilizing influence of
product classification is the dominant effect, but decrease of
the production rate expressed again as the third-order
moment of crystal size is significant.

Conclusions

An adaptive orthogonal collocation on finite elements
method with adaptively varying upper bound of the relevant
computational size interval was developed for numerical so-
lution of the partial integral-differential equations of popula-
tion balance models of crystallizers. The mathematical model
of the crystallizer system, being a mixed set of ordinary dif-
ferential equations and the population balance equation,
included monosized and heterosized nucleation and size-
dependent growth of crystals, possible seeding, classified
product removal and fines removal with dissolution of fines.
Adaptation of the number and length, as well as the distribu-
tion of finite elements over the variable length computational
interval was carried out forming a number of adaptation rules

Figure 13. Stabilizing effect of the size-dependent
growth rate on the limit-cycle oscillations
compared to those in Figure 10c: (a) a 5
100, and (b) a 5 200.

Figure 14. Destabilizing effect of the product classifi-
cation in the case of classification function
SRð1Þ 5 1

1þ0:02512.
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based on a gradient-directed method. The method is charac-
terized with good stability and needs no additional informa-
tion on the properties of crystal-size distribution.

The modeling and solution method, developed primarily
with the purpose of investigating complex dynamic pheno-
mena and processes of continuous crystallization systems,
has proved an efficient tool for handling the deep gradients
arising in dynamic processes of nonlinear crystallization sys-
tems even when the crystal-size distribution covers intervals
differing with some orders of magnitudes. Both the start-up
processes from arbitrary initial conditions, and the long-time
behavior of crystallization systems, including also the steady
states, are allowed tracking and computing accurately. Natu-
rally, the model and solution method permits simulating also
the dynamic processes of batch crystallizers.

The model problems applied here mostly for checking the
accuracy of the method and demonstrating the capabilities of
the program in simulation studies. Since analytical solutions
to the population balance models of continuous crystallizers
in dynamic states are not known, the corresponding moment
equation models were used for comparison and checking the
results. When, however, the moment equation model cannot

be closed exactly then an independent check of the approxi-
mation solution was made simply by calculating the total
mass of solute, which is a conserved quantity in crystalliza-
tion. We note here that the rate expression of heterosized
secondary nuclei is similar to that describing crystal break-
age, so that this computer program can be used directly to
simulate crystallization process with breakage of crystals.
Since, however, crystal breakage, as well as crystal agglom-
eration often play significant role in crystallization and pre-
cipitation the problem of influence of breakage and agglom-
eration on the dynamics of crystallizers will be presented in
another article.

The results of simulation runs have shown that, because of
arbitrary order polynomials used on finite elements, the pop-
ulation density function can be interpolated accurately
between the collocation points, and all important leading
moments of the crystal size computed by quadrature are pre-
dicted correctly. This property makes the method capable of
checking the predictions regarding the complex dynamic phe-
nomena obtained by the moment method, as it has already
been observed in the preliminary computations. Since investi-
gation of dynamical problems of crystallizers by means of

Figure 15. Stabilizing effect of fines removal and disso-
lution in the case of classification function
sFð1Þ 5 1

1þ0:02512.

Figure 16. Resultant effect of product classification
and fines removal and dissolution in the
case of classification functions sRð1Þ 5
sFð1Þ 5 1

1þ0:02512.
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the infinite-dimensional population balance model is too
complex and not constructive, and the finite-dimensional
moment equation model is quite suitable for that purpose this
checking capability seems to be rather useful.

In the article, focusing on presenting the principles and
properties of the method, only a two-component vector, con-
sisted of the concentration of solute and solvent under iso-
thermal conditions, was included into the model. This part of
the model of MSMPR crystallizers, however, can be
extended to vectors of higher dimensions, considering the
system in a more general state space Rk 3 N, i.e., in the
product space of Rk, formed by the concentrated parameter
properties of the system, and of the function space N of the
population density functions. Here k is a nonnegative natural
number, depending on the method of supersaturation genera-
tion. In nonisothermal cooling crystallizers with the corre-
sponding heat balances k 5 3, while in reaction crystallizers,
where both the concentration of reactants and the volume of
crystal suspension may change, the value of k may reach 6.
These extensions, however, modify the total dimension of
the resulted set of algebraic-ordinary differential equations
only slightly compared to the dimension provided by the col-
location scheme on finite element of the population balance
equation.

The system configuration, consisting of an MSMPR crys-
tallizer coupled with modeling modules of product and fines
classification characterized by general classification functions
is often used in technological systems as compact crystalliza-
tion apparatuses that make the model and simulation program
useful for analysis of operation and identification of system
characteristics. Also, it has the capability of engineering
design of crystallization subsystems and their control in tech-
nological systems.
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Notation

Symbols

b5 exponent of nucleation rate
B5nucleation rate, no/m3h
B5dimensionless nucleation rate

B0,s5 scale factor of nucleation rate
c5 concentration of solute, kg/m3

cs5 saturation concentration of solute, kg/m3

csv5 concentration of solvent, kg/m3

e5binary variable
f5dimensionless population density function, no/m4

~f 5 transformed dimensionless population density function, no/m4

g5 exponent of crystal growth rate
G5 size dependent crystal growth rate, m/h
G05 size independent crystal growth rate, m/h

G0 5dimensionless size independent crystal growth rate

G0,s5 scale factor of crystal growth rate
h(.)5global selection function
kb5 coefficient of the rate of nucleation, (no/m3h)�(m3/kg)2b

ke5parameter of primary nucleation rate
kg5 coefficient of the rate of crystal growth, (m/h)�(m3/kg)2g

kp5 coefficient of the rate of nucleation, (no/m3h)�(m3/kg) 2b

kv5volumetric shape factor

L5 linear crystal size, m
n5population density function of crystals, no./m4

p15parameter
p25parameter

qFR5volumetric rate of fines removal, m3/h
qin5volumetric rate of inlet, m3/h
qout5volumetric rate of outlet, m3/h
qR5volumetric rate of inlet of product classification, m3/h

r1, r25finite element adaptation parameters
s05 scale factor of the 0-th moment l0, defined as 6kvk

3
gs

�3g
c S�3

t

s15 scale factor of the 1-th moment l1, defined as 6kvk
2
gs

�2g
c s�2

t

s25 scale factor of the 2-th moment l2, defined as 3kvkgs
�g
c s�1

t
s35 scale factor of the 3-th moment l3, defined as kv
s45 scale factor of the 4-th moment l1, defined as kvk

�1
g sgcst=4

s55 scale factor of the 5-th moment l2, defined as kvk
�2
g s2gc s2t =20

s65 scale factor of the 6-th moment l3, defined as kvk
�3
g s3gc s3t =120

sc5 scale factor of concentration, defined as ðmaxfcing � csÞ�1

sF5 selection function of fine removal
sL5 scale factor of linear crystal size, defined as st/G0,s

sn5 scale factor of population density, defined as G0,s/B0,s

sR5 selection function of product classification
st5 scale factor of time, defined as st ¼ 1=t
t5 time, h

t5mean residence time, h

V5volume of crystallizer, m3

xm5dimensionless mth order moment
y5dimensionless solute concentration

ysv5dimensionless solvent concentration

Greek letters

a5parameter of the crystal growth rate, m21

g5volume fraction of solution
/5 function expressing the size dependency of crystal growth rate
lm5mth order moment of crystal size
qc5 crystal density, kg/m3

c5dimensionless saturation concentration
15dimensionless linear crystal size
n5dimensionless time
fc5dimensionless crystal density

Indices

p5primary nucleation
b5 secondary nucleation (boundary)
d5 secondary nucleation (distributed)
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Appendix 1

Derivation of the balance equations

The continuous MSMPR crystallizer with product classifi-
cation and fines removal with dissolution is treated as a com-
bined processing system, consisted from elementary modules,
as it is presented in Figure 1. This block diagram provides
also a computational scheme for the system.

Let us assume that the size distribution of crystals is con-
trolled by two classification functions: function sR character-
izing the product classification device, and function sF
describing the size distribution of the fines removed from the
crystallizer during the operation. Then, the population density
functions of the output, recycle and fines removal streams
are given as

noutðL; tÞ ¼ ½1� sRðLÞ�nðL; tÞ q

qout
; nRðL; tÞ ¼ sRðLÞnðL; tÞ q

qR

nFðL; tÞ ¼ sFðLÞ nðL; tÞ qFR
qF

; n0ðL; tÞ ¼ ½1� sFðLÞ�nðL; tÞ qFR
q0

The mass balance of solute, and the balance of volumetric
rates for the block FR can be written as

eqFRc ¼ eFqFcþ e0q0c (A1)

and

qFR ¼ qF þ q0: (A2)

However, here e0 5 0 can be assumed, since the whole
amount of the solution removed with the fines are pumped
into the stream qF. As a consequence, from Eqs. A1 and A2,
we obtain

qF ¼ qFR 1� kv

Z1
0

½1� sFðLÞ�L3nðL; tÞdL
24 35 (A3)

and

q0 ¼ qFRkv

Z1
0

½1� sFðLÞ�L3nðL; tÞdL (A4)

Since the system is assumed to be operated with constant
working volume, hence, the volumetric recycle rate qR is
derived from the equalities q ¼ qout þ qR and qout ¼ qin,
while the volume ratios of solution in the product and
recycle streams, derived from the mass balance of crystals
for the block PC, are given as

eout ¼ 1� kv

Z1
0

½1� sRðLÞ� q
qin

L3nðL; tÞdL (A5)

and

eR ¼ 1� kv

Z1
0

sRðLÞ q

qR
L3nðL; tÞdL and

eF ¼ 1� kv

Z1
0

sFðLÞ qFR
qF

L3nðL; tÞdL ðA6Þ

Now, taking into consideration that

qf ¼ qin þ qR þ qF þ q0 and

qf nf ðL; tÞ ¼ qinninðL; tÞ þ qRnRðL; tÞ þ q0n0ðL; tÞ ðA7Þ

as well as

qf ¼ qþ qFR and qFRnðL; tÞ ¼ q0n0ðL; tÞ þ qFsFðLÞnðL; tÞ
(A8)

we obtain

@nðL; tÞ
@t

þ @½GnðL; tÞ�
@L

¼ 1

V
½qf nf ðL; tÞ � qnðL; tÞ � qFRnðL; tÞ�

¼ 1

V
½qinninðL; tÞ þ qsRðLÞnðL; tÞ � qnðL; tÞ

þ qFRð1� sFðLÞÞnðL; tÞ � qFRnðL; tÞ� ðA9Þ

from which Eqs 1 and 11 follow directly. Here, ed 5 0 was
assumed, since it has no influence on this analysis.

Similarly, because of the relations

eDqDcD ¼ eFqFcþ qð1� eFÞqF;
eD ¼ 1; cD ¼ eFc þ qð1� eFÞ and

eqc ¼ eRqRcþ eoutqoutc ðA10Þ

the mass balance for the solute of the crystallizer can be
written as

V
dðecÞ
dt

¼ ef qf cf � eqc� eqFRc� VRc

¼ einqincin þ eRqRcþ e0q0cþ eFqFcþ qð1� eFÞqF
� eoutqoutc� eRqRc� eFqFc� e0q0c� VRc

¼ qinðeincin � eoutcÞ þ qð1� eFÞqF � VRc ðA11Þ

Eq. 12 can be obtained directly from A11.
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Multiplying Eq. A9 by kvL
3, integrating over the interval

[0,1) and rearranging, we obtain finally

� de
dt

¼ 3kvG0ðc; csÞ
Z1
0

/ðLÞL2nðL; tÞdLþ 1

V
½qinð1� einÞ

þ qRð1� eRÞ � qð1� eÞ � qFð1� eFÞ� ðA12Þ
from which Eq. 14 follows directly.

Appendix 2

Derivation of the collocation equations

Let us assume that the maximal size of crystals at time
n [ 0, determined by means of the Adaptation rule 1, is
1max(n). Then, assuming 1max(n) fixed, and ed 5 1, the popu-
lation balance (Eq. 19) can be rewritten as

@f ð1; nÞ
@n

þ G0ðyÞ/ð1Þ @f ð1; nÞ
@1

þ G0ðyÞ @/ð1Þ
@1

f ð1; nÞ
¼ finð1; nÞ � hð1Þf ð1; nÞ � rð1; yÞf ð1; nÞ

þ
Z1max

1

bð1; i; yÞrði; yÞf ði; nÞdi ðA13Þ

In Eq. A13, we have a definite integral with variable lower
limit. As the first step of the solution, bymeans of transformation

k ¼ 1max

1max � i
1max � 1

; i ¼ 1max � ð1max � 1Þ k
1max

;

di ¼ � 1� 1
1max

� �
dk ðA14Þ

this integral with variable lower limit is transformed into a defi-
nite integral with constant limits

1� 1
1max

� � Z1max

0

b 1; 1max � ð1max � 1Þ k
1max

; y

� �

3 r 1max � ð1max � 1Þ k
1max

; y

� �
3 f 1max � ð1max � 1Þ k

1max

� �
; n

� �
dk ðA15Þ

Introduction to the notation

b 1; 1max � ð1max � 1Þ k
1max

; y

� �
r 1max � ð1max � 1Þ k

1max

; y

� �
¼ vð1; k; yÞ ðA16Þ

Eq. A13 can be written in the form

@f ð1; nÞ
@f ðnÞ þ G0ðyÞ/ð1Þ @f ð1; nÞ

@1
þ G0ðyÞ @/ð1Þ

@1
f ð1; nÞ

¼ finð1; nÞ � hð1Þf ð1Þf ð1; nÞ � rð1; yÞf ð1; nÞ þ 1� 1
1max

� �
Z1max

1

vð1; k; yÞf 1max � ð1max � 1Þ k
1max

� �
; n

� �
dk ðA17Þ

Assuming that partition (Eq. 28), determined by means of
Adaptation rule 2, is fixed, the continuous population density
function, according to the orthogonal collocation on finite
elements is approximated by the polynomial expressions as
in Eq.

f nðtn; nÞ ¼
Xi¼In

i¼1

f ni ðnÞKn
i ðtnÞ; n ¼ 0; 1; :::;N � 1 (30)

over the elements (Eq. 28) as a trial function, where f ni ðnÞ
denotes the value of the population density function at time
n at the ith support abscissa of nth element, and Kn

i is the
Lagrange polynomial of degree I 5 1, . . . , In. Since these
abscissas are to be selected also as the interior collocation
points in finite elements, they are chosen as the roots of the
shifted Legendre polynomials of degree (In22). As a conse-
quence, such selection of collocation points allows comput-
ing the integrals by quadratures accurately.

The first derivates of the trial functions with respect to
time and local coordinates (Eq. 29), considering the property
(Eq. 31), are expressed as

@f nðtn; nÞ
@n

¼
Xi¼In

i¼1

@f ni ðnÞ
@n

Kn
i ðtnÞ; n ¼ 0; 1; :::;N � 1 (A18)

and

@f nðtn; nÞ
@tn

����
tnj

¼
Xi¼In

i¼1

anj;if
n
i ðnÞ j ¼ 1; :::; In; n ¼ 0; :::;N � 1

(A19)

where

anj;i ¼
dKn

i ðtnÞ
dtn

����
tnj

(A20)

The ordinary moments in Eqs. 22 and 23 are given as
special cases of moments of the scaled crystal size to some
general function g(.) computed as

l½g; n� ¼
Z1max

0

gð1Þf ð1; nÞd1 ffi
Xn¼N�1

n¼0

Z1nþ1

1n

gð1Þf ð1; nÞd1

¼
Xn¼N�1

n¼0

D1n

Z1
0

gðtnD1n þ 1nÞf ðtnD1n þ 1n; nÞdtn ðA21Þ

where D1n ¼ 1nþ1 � 1n.
Substituting the trial functions f nðtn; nÞ; n ¼ 0; 1; . . . ;N�1,

n 5 0,1, . . . ,N–1, into Eq. A21, and applying the Lobatto
quadrature with Kn quadrature points, and wk, k 5 1, 2, . . . ,Kn

weights, we obtain

l½g; n� ffi
Xn¼N�1

n¼0

D1n
Xk¼Kn

k¼1

wkgðtnkD1n þ 1nÞf nðtnk ; nÞ
" #

¼
Xn¼N�1

n¼0

D1n
Xi¼In

i¼1

Xk¼Kn

k¼1

wkgðtnkD1n þ 1nÞKn
i ðtnkÞf ni

" #
ðA22Þ
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from which the approximated value of the zero-order
moment is given as. l0(n) = l[1, n]. In general, any
ordinary moment lm, m 5 0, 1, 2 . . . of the crystal size is
computed as

lmðnÞ ¼ l½1m; n�; m ¼ 0; 1; 2 . . . (A23)

The second integral in last term on the righthand side of
Eq. A13 is computed also by

Xm¼N�1

m¼0

Dkm

Z1
0

vð1; km þ Dkmt
m; yÞ f 1max � ð1max � 1Þ ðkm þ DkmtmÞ

1max

� �
; n

� �
dtm

¼
Xm¼N�1

m¼0

Dkm
Xk¼Km

k¼1

wkvð1; km þ Dkmt
m
k ; yÞf m 1max � ð1max � 1Þ tmk

1max

� �
; n

� �

¼
Xm¼N�1

m¼0

Dkm
Xk¼Km

k¼1

wkvð1; km þ Dkmt
m
k ; yÞ

Xi¼Im

i¼1

f mi ðnÞKm
i 1max � ð1max � 1Þ tmk

1max

� �
ðA24Þ

Finally, substituting the trial function (Eq. 30) into Eq.
A18, taking the values of trial functions at the collocation
points tnj ; j ¼ 1; . . . ; In; n ¼ 0; 1; . . . ;N � 1, and taking into

consideration the property (Eq. 31), and expressions (Eqs.
A18– A24, the collocation equations approximating Eq. A13
becomes

@f nj nð Þ
dn

þ G0

D1n
/

tnj D1n þ 1n
sL

� �
anj f

n nð Þ þ G0

D1n

@/
tnj D1nþ1n

sL

� �
@tn

f nj nð Þ

¼ f nin;j nð Þ � h
tnj D1n þ 1n

sL

� �
f nj nð Þ � r 1n þ D1nt

n
j ; y

� �
f nj nð Þ þ 1� tnj D1n þ 1n

1max

� �
3
Xm¼N�1

m¼0

Dkm
Xi¼Im

i¼1

"Xk¼Kn

k¼1

wkvðtnj D1n þ 1n; km þ Dkmt
m
k ; yÞKm

i 1max � 1� tnj D1n þ 1n
1max

� �
tmk

� �
f mi nð Þ

#
j ¼ 2; :::; In; n ¼ 1; :::;N�1 ðA25Þ

where f n ¼ ðf n1 ; f n2 ; :::; f nInÞT and the elements of vector
anj ¼ ðanj;1; anj;2; . . . ; anj;InÞ are defined by Eq. A20. Manuscript received Apr. 17, 2007, and revision received July 14, 2007.
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